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I Abstract. In this paper, we consider the trace theorem for modulation spaces M^^, 

a-modulation spaces Mp'^ and Besov spaces ^. For the modulation space, we obtain 
^ i the sharp results. 
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■ 1 Introduction 



The a-modulation spaces M^'" introduced by Grobner in [10] are a class of function 
^ ■ spaces that contain Besov spaces B^ ^ {a = 1) and modulation spaces ^ (a = 0) 

^ ■ as special cases. 

O I There are two kinds of basic coverings on Euclidean M" which is very useful in 

^ I the theory of function spaces and their applications, one is the uniform covering 

OO ! M" = UfcGZ" Qk, where Qk denote the unit cube with center k; another is the dyadic 

^ ■ covering W = UfcgNi^ ■ ^^'^ ^ 1^1 < 2^'} U{^ ■ \i\ ^ !}• Roughly speaking, these 

^ ■ decompositions together with the frequency-localized techniques yield the frequency- 

^ ■ uniform decomposition operator Dfc ~ ^'^XQk^^ and the dyadic decomposition 

operator ~ X{g:|g|~2'-}^5 respectively. The tempered distributions acted on 
these decomposition operators and equipped with the norms, we then 

obtain Feichtinger's modulation spaces and Besov spaces, respectively. 

During the past twenty years, the third covering was independently found by 
Feichtinger and Grobner [31111110], and Paivarinta and Somersalo p!^. This covering, 
so called a-covering has a moderate scale which is rougher than that of the uniform 
covering and is thinner than that of the dyadic covering. Applying the a-covering 
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to the frequency spaces, in a similar way as the definition of Besov spaces, Grobner 
[TU] introduced the notion of a-modulation spaces. 

Let n ^ 2. For any x = (xi, G M", we denote x = (xi, Given a 

Banach function space X(M") defined on and / G X, we ask for the trace of / on 
the hyperplane {x : x = {x,0)}. For the sake of convenience, this hyperplane will be 
written as M"^^. It is clear that a clarification of this problem is of importance for 
the boundary value problems of the partial differential equations. Now we exactly 
describe the trace operators. 

Definition 1.1 Let X and Y be quasi-Banach function spaces defined on and 
j^n-i^ respectively. Denote 

Tr: /(x)^/(x,0). (1.1) 
// Tr : X — > F and there exists a constant C > such that 

\\TTf{x)\\y^C\\f\\x, V/GX, (1.2) 

and there exist a continuous linear operator Tr"^ : Y ^ X such that TrTr^-*^ is 
identical operator, then Tr is said to be a retraction from X onto Y . 

If Tr is a retraction from Y onto X, we see that the trace of / G X is well 
behaved in Y. The trace theorems in modulation spaces and Besov spaces have been 
extensively studied. Feichtinger [S] considered the trace theorem for the modulation 
space in the case 1 ^ p,q ^ oo, s > 1/q' and he obtained that TTMp^^iW") = 
Mp,g^/^'(M"-i). Frazier and Jawerth [8] proved that Tr5^ ,^(M") = 5p,g^/^(M"-i) in 
the case < p, g ^ oo and s — 1/p > max((?T, — l)(l/p — 1), 0). 
In this paper, we will show the following: 

Theorem 1.2 Let n ^ 2, < p,q ^ oo, s eM. Then 

Tr : f{x) — > /(x, 0), x = (xi, ■ ■ ■ , x„_i) (1.3) 
is a retraction from ^p^g^pAgAil^") '^'^^^ 

Theorem 11.21 is sharp in the sense that Tr : M^^ ^(M") -/^ Mp^{W'^^) for some 
r > 1, p, q ^ 1. In view of the basic embedding M^ ^ C M^^^ ^^ for s — S2 > 
1/g — 1/^2 > 0, s ^ 0, we immediately have 
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Corollary 1.3 Let n ^ 2, < p,q ^ oo, s ^ 0. Let Tr be as m (11.31) . Then for 
any e > 0, 



One may ask if Corollary 11.31 holds for the limit case s = e = 0, we can give a 
counterexample to show that Tr : Mp^q (M") -/^ Mpg(R"^^) in the case p, q > 1. 
Write 

Sp = {n-l){l/{pAl)-l). 

It is easy to see that Sp = for p ^ 1 and Sp = {n — l)(l/p — 1) for p < 1. For the 
trace of a-modulation spaces, we have the following result. 

Theorem 1.4 Let n ^ 2, < p,q ^ oo, s ^ a{n — l)/q + aSp. Let Tr be as in 
(Ol) . Then 

Tr:M;J^/^,(M")^M;,^(M"-i). 

The case s < a{n — l)/q + aSp is more complicated. We have the following 

Remark 1.5 Let n ^ 2, < p,q ^ oo, s < a{n — l)/q + aSp. Let Tr be as in (11.31) . 
Then 

Tr:M;+:-Tm-M;,,(K"-'), 

where 

{a/p + (1 — a)[a{n — l)/q + aSp — s], qs + {n — 1)(1 — a) — qaSp > 0, 
a/p + aSp — s + E, qs + {n — — a) — qaSp = 0, 

a/p + aSp — s, qs + {n — 1)(1 — a) — qaSp < 0. 

Theorem 11.41 is sharp in the case s ^ 0, p = q = 1. As the end of this paper, 
we consider the trace of Besov spaces. If s > Sp, the corresponding result has been 
obtained in |8j. If s ^ Sp, we have the following trace theorem for Besov spaces: 

Theorem 1.6 Let n ^ 2, < p,q ^ oo, s ^ Sp. Let Tr be as in (11.31) . Then we 
have 

and 

in the case s < Sp. Moreover, when 1 < p < oo, we have 

Tr : 5;/^;l/^(M") ^ <,(M"-^), 

Tr : B'JX'^'iR-) ^ i?^,,(M"-i), s < 0. 
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The following are some notations which will be frequently used in this paper: 
R, N and Z will stand for the sets of reals, positive integers and integers, respectively. 
]R+ = [0, oo), Z+ = N U {0}. c < 1, C > 1 will denote positive universal constants, 
which can be different at different places, a <b stands for a ^ Cb for some constant 
C > 1, a ~ 6 means that a < b and b < a. We write a Ab — min(a, b), aV b — 
max(a, b). We denote by p' the dual number of p e [1, oo], i.e., l/p+ 1/p' — 1. We 
will use Lebesgue spaces := ]J'{W), \\ ■ \\p := || • \\lp, We denote by := 
and y :— y'{W") the Schwartz space and tempered distribution space, respectively. 
B{x, R) stands for the ball in M" with center x and radius R, Q{x, R) denote the 
cube in with center x and side-length 2R. ^ or ^ denotes the Fourier transform; 

denotes the inverse Fourier transform. For any set A with finite elements, we 
denote by the number of the elements of A. 



2 a-modulation spaces 
2.1 Definition 

A countable set Q of subsets Q C M" is said to be an admissible covering if M" = 
[Jq^qQ and there exists Uq < oo such that G Q : Q P[ Q' ^ 0} ^ tiq ioi all 

QeQ. Denote 

Tq = sup{r G M : -B(cr, r) C Q}, 

Rq = inl{R e M : Q C B{cr, R)]. (2.1) 

Let ^ a ^ 1. An admissible covering is called an a-covering of R", if \Q\ ~ (x)"" 
(uniformly) holds for all Q G Q and for all x E Q, and supQ^g Rq/tq ^ K for some 
K <oo. 

Let Q be an a-covering of R". A corresponding bounded admissible partition of 
unity of order p (p-BAPU) {V'qIqsQ is a family of smooth functions satisfying 

V'grR^^fO,!], suppV'qCQ, 

supQeQlQl'/^"'''^~l=^"VQ||L(.-) < oo. 
Definition 2.1 Let < p,q ^ oo, sgR, O^a^l. Let Q be an a-covering 
o/ R" with the p-BAPU {V'qIqsQ- denote by M^^ the space of all tempered 
distributions f for which the following is finite: 

\QeQ 
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where G Q is arbitrary. For q = oo, we have a usual substitution for the i'^ norm 
with the norm. 

We now give an exact equivalent norm on M*'^. Denote 

Qk = Q{\k\^k,r{k)T^), A;GZ". 

It is known that, there exists a constant Vi > such that for any r > ri, {Qk}ke'Z" 
is an a-covering of M", i.e., M" = IJfcgZ" Qk and there exists no G N such that 
#{Z G : Qfc n Qk+i ^ 0} ^ riQ. Moreover, \Qk\ ~ (k)^ . Let r/ : M ^ [0, 1] be a 
smooth bump function satisfying 

1, lei ^ 1, 

viO-={ smooth, Kiel ^2, (2.2) 
0, |e|^2. 

We write for k = (fci, and ^ = (^i, $,n), 

- \k\^ki 



r{k)~- 



Put 



ifjkiO = ^ki{C,i)---(pk„{^n) G (2 3) 



We have 



Lemma 2.2 Let 0^a<l, 0<p^oo and {ipk}k&Z" be as in f l2.3p . Then 
{ipk}k&^ is a p-BAPU for r > ri. In the case a = 0, we can take ri = 1/2. 

Proposition 2.3 Let 0^a;<l, 0<p, oo, then 

1/-? 



is an equivalent norm on a-modulation space with the usual modification for q = oo. 
Proof. See p. 
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2.2 Equivalent norm via a New p-BAPU 

We now construct a new covering, which is of importance for the proof of Theorem 
Let j E Z\{0}. We divide into 2\j\/{ri} = 2Nj intervals with 

equal length: 



1 — Ct I 1 I 1 — CK 1 



h,-iv,' rj-,-iv,+iJ U ... U [rj- jv,-i, rj^Njl- 
Denote 

We further write 

J^" = {k= {ki, ■ ■ ■ ,kn) : ki e M, max \ki\ = 
For any k G we write 

Qkj = Qik,r\j\T^), Qko = Q{0,2). 
We will write = J^" if there is no confusion. 

Proposition 2.4 There exists ri > suc/i i/iai /or any r > ri, {Qfcjjfce.^ jez+ ^-s 
an a-covering o/M". 

Proof. Let j G N U {0}. We see that there exists ri > such that for any r > ri, 
{Q{\j\^^j>f\j\^~")}j is an a-covering of M. Hence we easily see that 

M C Uke.j,,,ez^Qkj, \Qkj\ ~ ~ (eg,,)"", V^q,, G Qk„ 

i^lQk'f ■ Qkj n Qk'j' 7^ 0} ^ no < 00. 

Now, on the basis of the a-covering constructed above, we further construct a p- 
BAPU. Let j be fixed. Denote for i = 1, ■ ■ ■ , n, 

0fcjte) = ( , ^ ] , k = (fci, ■ ■ ■ , A;„) G 

0fci(O = 0fci(6)---</'fcj(^n)- 

We put 
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Figure 1: a-covering, the case of n — 2, a — 1/2, ri — 1. 

Proposition 2.5 Let < p < oo, ipkj be as in (12.41) . Then {ipkj}ke.Xj,j&+ is a 
p-BAPU. 

Noticing that |^| ~ if ^ € J^j, j ^ 0, we immediately have 



Proposition 2.6 Let < a < 1, < p,q ^ oo, then 



( 



1/9 



9 

LP(R") 



V 



is another equivalent norm on a-modulation space. 



2.3 Modulation spaces 

In the case a = 0, we get an equivalent norm on modulation spaces Mp^^: 



1/g 



(2.5) 



The modulation spaces M^^^ in the case < p, g < 1 was studied in [T71 [HI [19] by 
using the norm fl2.5p . Soon after, Kobayashi [TT] independently considered such a 
generalization in the case < p, g < 1. 

Recalling that x = {xi, we also define the following anisotropic modu- 

lation spaces Mp ^ ^ for which the norm is defined as 



MS 



g 

LP(IR") 



r/Q\ 



J 



1/r 



This anisotropic version is of importance for the trace of modulation spaces. 



2.4 Besov spaces 

Write ip{-) = ri{-) - r]{2-) and Lpk ■= vi'^"''-) for k ^ 1. ipo ■= 1 - Y.k^i'^k- For 
simplicity, we write = ,'^~^(p}.^ . The norm on Besov spaces B^^{W^) are defined 
as follow: 



1/9 



Vj=o 

For our purpose, we also need the following 



1/9 



1 

LP(R") 

fc=0 



In the case 1 < p < cxd, using Lizorkin's decomposition of M", we have an 
equivalent quasi- norm on B^^^iW^). Let 

Kk = {x: \xj\ < 2^J = l,2,...,n}\{x : \xj\ < 2'^-\ j = 1, 2, . . . , n} 

where k G Z+ and 

Kq = {x: \xj\ ^ 1, j = 1,2, . . . ,n} 

Subdivide Kk with /c = 1,2,3..., by the ?>n hyper-planes {x : Xm = 0} and {x : 
Xm = ±2^"^}, where m = 1, . . . , n, into cubes Pk,t- If k is fixed, we obtain T = 4*^—2" 
cubes. The cubes near the n-th axis are numbered by t = 1, . . . , 2" in an arbitrary 
way and the others are numbered by t = 2"-|- 1, . . . , T. Let Po,t = Kq, if t = 1, . . . , T. 
Then 

Mn = U^o-^fc = Pk,t- 
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Figure 2: 1-covering, the case n — 2. 



Let Xk,t be a characteristic function on Pk^t- Then 

, , I \ ^ \ ^ r^skow rr, — 1 _ (T?- j!\\Q I 

|i?=,,(lR") 



' oo T \ 
^fc=0 t=\ ) 



We construct two new norms. For simphcity, we write 
Define 

(oo / 2" T \ \ 

fc=0 \t=\ t=2"+l 

(oo / 2" T \ \ 

5^ K^A:2-^«||A,,/||^,(^„)+ 5^ 2-^^||A,,/||^,(^„) 
k=0 \t=l t=2"+l 



3 Proof of Theorem 11.2 



If there is no explanation, we always assume r = 1/2 in the p-BAPU for the case 
modulation spaces. To show our main theorem, we will use the following 
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Lemma 3.1 (Triebel, [14J) Let Q be a compact subset of and < p ^ oo. 
Denote = {f e : Suppf C fi}. Let < r < p. Then 



< 



LP{R") 



LP(R"), 



holds for any f E L^. 



Assume that Supp/ C B{^q,R). It is easy to see that for g = e^^^°f{R ^■), g = 
- ^o))- It follows that Supp^ C B{0, 1). Taking n = 5(0, 1) in Lemma 
13.11 we find that 



sup 



1 + IzhA 



< 



\g\\LP{R"), 



By scaling, we have 



fi--z) 

S 1 + 



^ c 



LP(M") 



Note that the constant C in (13.11) is independent of / G -^^(go R) 
Supp/ C 5(^0; R)}- It is also independent of ^ 
For convenience, we write 

We define the maximum function M^f as follows: 

M*f = su l^fe'^^^"^)! 

Taking yi = .. 



Hence 



(3.1) 
{/ e LP : 



(3.2) 



Un-i = 0, yn = Xn iu (E^D, we have for \xn\ ^ 1, 
|(n,/)(x,0)| < |M,7(x)|, a;= (xi,-- - ,x„_i) 



||(nfc/)(-,0)|Up(Mn-l) < ||M*/(-,X„)|Up(«n-l), 

Integrating (13. 3p over x„ G [0, 1], one has that 



(3.3) 



(□fc/)(-,0)||i,(j,„.,) < 



Hence 



||(nfc/)(-,o)|U.(Mn-i)<||M*/|U.(Mn). 



(3.4) 
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We denote by {.■^^ ^) the partial (inverse) Fourier transform on x (i^). Write 
ipk{x) as the p-BAPU functions in M""^ as in (12.31) . i.e., 

M0 = .^ V (3.5) 

Then we have 

(^^-Vfc^.)(a:,0) = 5^(^^-%^5;^-V;^)(a;,0) 

= 5^(^^-Vs)*(^-Vz^)(x,o) 

From the support property of ipi as in (12. 3p . we find that 

^fcV'z = o, if |r-fc| 

Hence 

(^^-Vfc^.)(a:,0) = XI (^^-^^s) * ((^-V.^)(-,0)) 

iGZ", lAi-ri^c 

Case i. 1 ^ p ^ oo. Using Young's inequahty, (13.11) and (13. 4p . we obtain 

ll=^fVfc^x/(x, O)IUp(IRn-l) 

< ^ ||^fVfel|Li(R-i)||^"Vi=^/l|LP(M"-i) 

< E ii^r/iu.(M") 

zeZ",|fc-/"|^c 

~ XI IPi/IUp(K")- 



zeZ",|fc-z|<c 



Hence, 



||/(x,0)||m,^,,(R"-) < ( Y.^^y'[ E IP'/llw 

\fceZ"-i yeZ",|fc-/|^c 

If < g ^ 1, then 

1/9 



\1 
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If 1 ^ g ^ cx), using Minkowski's inequality together with Holder's inequality, 

||/(-,0)||Afp=_^(IR" 



1/q 



To begin with the proof for the case < p < 1, we need the following lemma: 

Lemma 3.2 Let < p ^ 1. Suppose that f,g & -^b(xo-R)' ^^^^ there exists a 
constant C > which is independent of xq G and R> such that 



\\f*g\\,^CR''^l-'^\\fUg 



IP- 



Proof. In the case f,g& -^b(o i)' have 

ll/*^llp ^ 

Taking fx = /(A-) and gx = 5'(A-), we see that 

Hence, for any f,g e L^b{o,r)^ 

ll/fl-i * gR-A\p ^ ll/if-illplkR-i lip- 
By scaling, we have 

ll/*^7||p<^"^'-'^ll/llpll^llp- 
By a translation e*^"^/ = /(^ — xq), we immediately have the result, as desired. □ 
Case 2. <p <1. Bj Lemma [321 (El]) and M . 

II '^l" 0) llLP(]Rn-i) 

III' n^llP 



< E ii^fVfciii.(M.-i)ii(^~v.^/)(-,o)iii,(j,„.,) 



l",\k-l\^C 
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l£Z'\\k-l\^C 



Ilp(R")- 



lGZ",\k-l\<iC 



It follows that 



q/p\ 



1/9 



If g ^ p, one has that 



< 



If g ^ p, using Minkowski's inequality, we have 

/ 



p/<?\ 



i/p 



E E (^)^'iP'/rL.(R")X(iM^c) 



< 



E E ^r\nfrLHm 



All 



In order to show Tr is a retraction, we need to show the existence of Tr ^ . Let r] 
be as in (E^D satisfying (^^^^r^) (0) = 1. For any / e Mp^q(R'"-^), we define 

^?(^) = [(^5»(a:n)]/(x) := (Tf-V)(x). 
It is easy to see that g{x^ 0) = f{x) and □fcg' = for ^3. Hence, 

pAqAl/g\ 1/pAgAl 



1/9 



lLP(R") I 
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< 



It follows that Tr-i : M;_^(M-1) ^ M;^^^^^^^,{ 



□ 



As the end of this section, we show that Theorem 1 1 . 2 1 and Corollary II .31 are sharp 
conclusions. First, we show that Tr : Mp g^^(]R") -/-^ Mp^(R"~^) if r > 1. Let rj be as 
in (1221), / = ^-\'n{2ii)...7]{2in))- For k = {h, we denote 



X 



It is easy to see that 



I I ^2-^ 

Hence, Ofc-F = if maxj=i^...^„_i > 2 or \kn\ > 2^ + 1. In view of the definition 

II'-''=-^IIlp(IR") 



||-^||mo,,,{R") 



< 



E 



1/r 



1/r 



|A;„|«:2JV+1 



< 1. 



On the other hand, we may assume that (^^;^r7(2-))(0) = 1. We have 



So, 



>N. 

Let iV ^ cx), we have Tr : M° (M") 74 (M"-i). 



1/ r.P/'TOn-l 
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Next, we show that Tr : Mp//(R") M°g(M"-i) as g > 1. For k = (fci, 
we denote 

Similarly as in the above, we have 

1/9 

I ^ 1 \ 

< 



On the other hand, 



OO, — > CXD. 



4 Proof of Theorem 11.41 and Remark 11.5 

For convenience, we write 

We define the maximum function M^-f as follows: 

... r \^tj\^-y)\ 

Taking yi = ... = y^-i = 0, ?/„ = x„ in (HH]), we have for ^ 

2(^-)-/(i-), 

|(n^,/)(x,0)| < |M*^./(x)|, x = (xi,--- 

Hence 

||(n^,^./)(-,o)iu.(M.-i) < ||M*^./(-,x„)iu.(M.-i), 

Integrating (|12D over a;„ G 2(j)-"/(i~")], one has that 
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Hence 

ll(n^,/)(-,o)|U.(M.-i) < or/"^'""^l|M,*,/|U.(M")- (4.3) 

We denote by the partial (inverse) Fourier transform on x = (xi, ...,Xn-\) 

[l = (^1, . . . ,^„_i)). Write ^lJm,iix) as the p-BAPU functions in M"-^ as in (M . 
So, by the definition, 

E E (0^ll^fVn.,Ke)^./)(-,0)||i,(^„_,J . (4.4) 
, ZeZ+ mG^"-' / 



In order to have no confusion, we always denote by iprn,i the p-BAPU function in 
R"-i and b} 
we find that 



" ^ and by ip^j the p-BAPU function in M". From the support property of ipkj, 



i^['^m,i^^f)ix,0) = E (^fVm,z=^^^-Vfc,.=^/)(a:,0). (4.5) 



For our purpose we further decompose J^". Denote 

= {ke : max \ki\ = A}, A = r o, r^i, r^Ar r^o = 0. 



We easily see that XlfceX" ^ Z]A=or i ...r at. Z]jr" > ~ 0)- divide our 

discussion into the following four cases. 

Case 1. 1 < p ^ oo and < g ^ 1. By fO|) and 



ii/(-,o)irM..(^„-.)<E E E E E 

X ||(^^^V™,0 * (^-Vfc,,^/)(-,0)l|^,(^„.,). (4.6) 

In order to control (14.61) by ||/|| j^^s+c/p.a, we need to bound the sum Ylii<j+c X]-mgy^j""i- 
It is easy to see that for fixed A;, j, 

#{m e jer' : supp^^,z nsupp^fc,,(-,0) ^ 0} < min ((/)"-^ • 

(4.7) 

Moreover, k G '^"^.^ means that supp?/'™,^; fl supp ?/'fcj(-, 0) ^ only if a^~°'{j)°' < 
/ < (1 + a)^~"(j)°. Hence, in view of Young's inequality, (14.31) . 

^■'^^= E E (O^II(^fVn.,z)*(^-Vfc,,^)/(-,0)||i,(^„_,) 
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^ sq / i-i cvfn — 2) a(n — 2) " 

(/)T3^ min ((0"-^ (j)^/(0^^ 



X ||(^-V.,,=^)/(-,o)||^,(^„_,). 

< E E (o^min((/r^ (j)^/(o 



(n — 2) ^ a{n-2) 



X {j)l^\\ntj\\l,^^.y (4-8) 

We discuss the following four subcases. 

Case lA. a{n — 1) ^ qs. If a = 0, one has that 

< J2 (4.9) 

If a ^ 1, we have 

Ex ^ sq a(n — 2) qoc , a(n — 2) 

< J2 ^'^""^"''^^■)^''^"'"^""'^IP^./lli.(r)- (4-10) 



It follows from qs ^ a{n — 1) that A^q takes the maximal value as a = Nj ~ (j). 
Hence, 



A,„< J] (j)^(^^^in^,/IIL(M.). (4.11) 

Inserting the estimates of Aja as in (14. 9 p and (14.111) into (14. 6 p , we have 

ii/(^o)irM..(«„-.) < E E o-)^^^^^^iP^./iii.(M") = ii/iiv^/..- 

Case ii?. a{n - 1) > qs and gs + (1 - a;)(r2 - 1) > 0. If a ^ 1, from (14.101) and 

a{n — 1) > qs we have 

A,a< J2 0-)^''^"'"^""'^IP^./lll.(M")- (4-12) 
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Since gs + (1 — a){n — 1) > 0, similar to fl4.9p . we see that (14.121) also holds for the 
case a = 0. It follows that 



!!/(■' o)IImp%"(k"-i) ^ 



Case IC. qs = —{n — 1)(1 — a). Using the first estimate as in (14. 9p . we have for 
a = 0, 

For a ^ 1, 

A,.< Yl 0')^^^^"^""'^IP^./IIL(M")- (4-14) 



This implies that 



II/(-)0)IImp=;^(IR"-1) ^ 



Case il^. gs < — (n — 1)(1 — a). It is easy to see that ln(j) can be removed in 
(14.131) . So, we have the result, as desired. 

Case 2. 1 ^ p,q ^ oo. Using Minkowski's inequality, we have 

ll/(->0)||Afp=;-(Rn-i) 

q\ 1/9 

1/9 

^EE E IE E (o^ii(^|-v^,o*(^-v..^/)(.o)iiv-/ 

(4.15) 



Using the same way as in Case 1, we can get that for any k G J^" 



E E (o^ii(^fV™,z)*(^-Vfe.,^/)(-,o)iii,(«„_,) 

< Yl min ('(/)"-^ ^4Sr) (J)^IP^./IIL(M")- 

a^""(j>"S£(i+a)^"°0'>" V (0 / 



(4.16) 
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Repeating the calculation procedure as in Case 1, we have the result, as desired. 
Case 3. < q ^ p < 1. We have 

j^i-c,kejfrj' 

(4.17) 

It follows that 

l|/(->0)llAfp%"(R"-i) 

EE E E E (o^ii(^fV«^,o*(^-v..^/)(-,o)r,,(^„_,) . 

(4.18) 

For convenience, we write 

^^-= E E E (o^ii(^fV™,o*(^-Vfc.,^/)(^o)iii,(^„_,). (4.1^^ 

It follows from Lemma 13.21 the property of p-BAPU and (14. 7p that 



< 



< 



T..< E E E (0 



l-CI 



X II (^^- lll.(M"-) II V.,,^/) (-, 0) ||1.(^„-.) 



< 5^ 5^ (o^or^^^'^^(o-^^^-^^ 

keJt"^, al-"0->"<«<(l+a)i-"0-)°= 

X min ((0"-^ (j)^|P^,/|IL(M.)- (4.20) 

If a ^ 1, then we have 

(4.21) 
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If a = 0, 



(4.22) 

Now we divide our discussion into the following four subcases. 

Case 3A. qs — a{n — 1) — qa{n — l)(l/]9 — 1) ^ 0. If a ^ 1, we see that the upper 
bound in fl4.2ip will be attained at a ~ (j). If a = 0, the summation on I in (14.221) 
can be easily controlled. Anyway, we have 

T,a< Yl ^■)^"'^IP^./II1.(M")- (4-23) 

Combining (14.181) and (I4.23p . we immediately have the result, as desired. 

Case 3B. qasp — (1 — a)(n — 1) < qs < qasp + a{n — 1). In this case, using (14.211) 
and (14.221) . we can repeat the procedure as in Case IB to get the result and we omit 
the details of the proof. 

Case SC. qaSp — {1 — a){n — 1) = qs. This case is similar to Case IC. 

Case 3D. qaSp — (1 — a) (n — 1) > qs. We can deal with this case by following 
the same way as in Case ID. 

Case 4- < p < 1, q > p. By Minkowski's inequality, we have 

ll/(-7 0)llAfp%"(R"-i) 

(I \ '''\ 

EE E E (o^ii(^fV«^,o*(^-v..^/)(^o)iii,(^„_,j 

(4.24) 

Then we can repeat the procedures as in the proof of Theorem 11.21 and the above 
techniques in Case 3 to have the result, as desired. The details of the proof are 
omitted. □ 



< 



< 
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5 Proof of Theorem 11.6 



Now we prove Theorem 11.61 Now we define the maximum function M^f as follows: 

nj*f \^kf{x-y)\ , . 



Taking yi = ... = yn-i = 0, yn = Xn in (EH]), we have for 2 ^ ^ ^ |x„| ^ 2 ^, 
|(Afc/)(a;,0)| < \Mlf{x)l x = (xi, ■ ■ ■ , 

Hence 

||(Afc/)(-,0)|Up(Kn-i) < ||M*/(-,x„)||l.(M"-i), (5.2) 
Integrating (15. 2p . one has that 



||(A,/)(-,0)r^,(j,„_,)<2'^ / ||M,V(-,x.)|li.(M.-i)rfa:., 

Hence 

l|(A,/)(-,0)|U.(M.-i) <2^/^||A47IU.(R"). (5.3) 
Write v^fc(a;) as the BAPU functions in R"^^. Then for fixed k, we have 

oo 

(^^^V'.^.)(^,o) = (=^fV^^.=^-V^^)(^,o) 

l=k-l 

oo 

= E(^fVD*(^~V^)(x,o) 



Case 1. 1 ^ p ^ oo. Using Young's inequality, (13.11) and (15. 3p . we obtain 

||^,-Vfc^./(x,0)||L.(M.-i) 



< 



oo 

< ii^r/iu.(M") 

oo 

< Y 2'/l|AJII 
i=fc-i 



Hence, 



,fc=0 \l=k-l 
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If < g ^ 1, then 

(oo l+l \ 
l=-l k=0 

If s = 0, then 

1/9 



In the case s < 0, 



\i=-i 



) I ^ \\J llsl/P(R")- 



i/<? 



Kl=-l 



If 1 ^ g ^ cxD, using Minkowski's inequality, 



\\f{x,0)\\B^j^u-^) < E E2^''2'«^"l|AJ|lip(Mn) 

l=-l \k=0 



then 



11/(2^, O)llB.^^(Mn-l) 



Vp,-d.„^ S — 0, 



?i/j'mn> -s < 0. 



Case 2. < p < 1. 

oo 

< E 2'^"-^^^^/^-^^ii^fV'.rL.(M.-.)ii^-v^^/iii.(M.-.) 

Z=fc-1 
oo 

Z=fc-1 

oo 

It follows that 

\\f{x,0)\\Bsj^u-.)< |E2^'M E 2^^'^-^^^^-^^2'=(--^)(^-^)2'||AJ|r^,(^„) 



Z=fc-1 



fc=o V=fc-i 
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If g ^ p, one has that 



11/(^,0)11^ 

oo oo 



< 



k=0 l=k-l 
oo l+l 

i=-l fc=o 

Recall that we write Sp = {n — l)(l/(p A 1) — 1), then 



< 



11/(2^' 0)b|,,(K"-i) 
If g ^ p, using Minkowski's inequality, we have 

oo / oo 



< 



p/g 



< 



l=-l \k=0 



oo l+l 



1/p 



LP(IR") 



Li=-i fc=o 
Therefore, 



< 



In the case 1 < p < oo, we define the maximum function M^^f as follows: 

Mu.f = sup ——, — —, — . 



(5.4) 



Taking yi 



Hence 



■ Vn-i = 0,yn = Xn m dElD, we have for 2 ^ ^ |a;„| ^ 2 
|(Afe,,/)(x,0)| < \M*fix)\, X = (xi,-- - ,x„_i) 



||(A,,i/)(-,0)|Up(M.-i) < ||M*,/(-,x„)|U.(Mn-i), 
Integrating flS.Sp . one has that 



(5.5) 



||(A,,/)(-,0)||i,(^„_,)<2'= / ||M,V(-,^n)||i.(Kn-.)C^x 
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Hence 

||(Afc,,/)(-,0)|U.(M.-i) < 2^/''||M*,/|U.(M.). (5.6) 
Let x'kti^) the characteristic functions in M"^^. Then for fixed k and t, we have 

oo 

l=k 
oo 



l=k 

Using Young's inequahty, (13.11) and (15. 6p . we obtain 

ll^f'XM^./(a;,0)|Up(Mn-l) 
OO 

l=k 

oo 

l=k 

oo 

<5^2'/^||A,,/|U.(M.). 

Z=A: 



Hence, 



oo T / oo \g\^/i 



\fc=0 t=l \l=k 

If < g ^ 1, then 

(oo l-l 2" oo T \ 

Z=0 k=0 t=l 1=0 k=l t=2"+l 

If s = 0, then 



oo 2" oo T \ 

' 0'9/p|| A . . /Il 



ii/(x,o)b.,(M.-i)< eE^2'''^'||^m/iiL(M") + E E 2'''/iiA,,/r 



. «=0 t=l Z=0 t=2"+l 



< 

~ lU lis. 

In the case s < 0, 



oo 2" oo T \ 
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. 1=0 t=l 1=0 t=2"+l 



||/(a:,0)b.^(M.-.)< EE2''^1I^m/II 
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If 1 ^ g ^ oo, using Minkowski's inequality, 

oo / I T \ 1/-? 

i=0 \fe=0 t=i 

oo /Z-l 2" T \ 

^E EE2^''2^'^"l|AM/lli.(M.) + E E 2^'=^2'^/^||A,,/||i,(^„) 

;=0 \fc=0 t=l k=l t=2'»+l 

then 

I l|/|lBl/p,^+l/P(]Kn) S < U. 

□ 
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